The problem of determining an explicit one-parameter power form representation of the proper n-th degree Zolotarev polynomials on [−1, 1] can be traced back to P. L. Chebyshev, see [41] . It turned out to be complicated, even for small values of n. Such a representation was known to A. A. Markov (1889) [18] for n = 2 and n = 3, see also [5] . But already for n = 4 it seems that nobody really believed that an explicit form can be found. As a matter of fact it was, by V. A. Markov in 1892 [20], as A. Shadrin put it in 2004 [34], see also [27] , [28] . The next higher degrees, n = 5 and n = 6, were resolved only recently, by G. Grasegger and N. Th. Vo (2017) [10] respectively by the present authors (2019) [31] . In this paper we settle the case n = 7 using symbolic computation. The parametrization for the degrees n ∈ {2, 3, 4} is a rational one, whereas for n ∈ {5, 6, 7} it is a radical one. However, the case n = 7 among the radical parametrizations requires special attention, since it is not a simple radical one.
Introduction and historical remarks
With ||.|| ∞ denoting the uniform norm on I = [−1, 1] ⊂ R, Chebyshev [6] found that min (a 0,n ,··· ,a n−1,n) ∈R n || P n || ∞ = 2 1−n , where P n (x) = n−1 k=0 a k,n x k + x n . (1) The least possible value 2 1−n is attained if P n (x) = P * n (x) = 2 1−n T n (x) = n−1 k=0 a * k,n x k +x n with known optimal coefficients a * k,n . Here T n with ||T n || ∞ = 1 denotes the n-th (normalized) Chebyshev polynomial of the first kind with respect to I, see [33, p. 6, p. 67] or [21, p. 384 ] for details. In 1867 Chebyshev himself proposed to his student E. I. Zolotarev, see [40, p. 2] , an extension of (1) by requiring that not only the first but also the second leading coefficient, a n−1,n , is to be kept fixed. This extension was later re-named as Zolotarev's first problem (ZFP) and amounts, for a given n ≥ 2, to the determination of min (a 0,n ,··· ,a n−2,n) ∈R n−1 || Z n,s || ∞ = L n (s), where (2) Z n,s (x) = n−2 k=0 a k,n x k + (−ns)x n−1 + x n , and of the extremal polynomial, Z * n,s , where s ∈ R is assumed. Thus a n,n = 1 and the second leading coefficient, a n−1,n = (−ns), although thought of as being fixed, may attain arbitrary values, so that we save the notation s 0 for a concrete prescribed number s. Correspondingly, we shall then write L n (s 0 ) for a concrete minimum in (2) and Z * n,s 0 for a concrete extremal (minimal) polynomial. It is well known that one may restrict the range of s to s > 0, and that, for 0 < s ≤ tan 2 ( π 2n ), Z * n,s is given by a distorted P * n , see e.g. [1, p. 16] , [2, p. 57 ], [5] , [21, p. 405] for details, and is called a monic improper Zolotarev polynomial.
For the range s > tan 2 ( π 2n ) however, on which we focus in this paper, the solution Z * n,s of ZFP is considered as very complicated, see e.g. [1, p. 27 ], [5] , [21, p. 407] , [23] , as unwieldy [36, p. 118] , or even as mysterious [37] , and is called a monic proper [34] , [38, p. 160] or hard-core [21, p. 407 ], [32] Zolotarev polynomial. The min-max-problems in (1) and (2) can be viewed as problems of best uniform approximation to x n respectively (−ns)x n−1 +x n by polynomials of degree n − 1 respectively n − 2.
Zolotarev provided Z * n,s in 1868 [40] and in a reworked form in 1877 [41] , however not, as is suggested by the task (2) , in an algebraic power form with explicit optimal coefficients. Rather, he presented Z * n,s in terms of elliptic integrals and functions, see also e.g. [1, p. 18] , [2, p. 280 ], [5] , [9] , [15] , [21, p. 407 ], [25] for details. A. A. Markov [19, p. 264 ] expressed his reservation about Zolotarev's solution: Being based on the application of elliptic functions, Zolotarev's solution is too complicated to be useful in practice. As it is expounded in [5, Section 3] , to deduce from Zolotarev's elliptic solution an algebraic power form solution (sometimes called synthesizing [7, p. 1066]) turns out to be unexpectedly complicated, even for the first reasonable polynomial degree n = 2. As F. Peherstorfer put it in 2006 [26, p. 143] , there was and still is a demand for a description [of proper Zolotarev polynomials] without elliptic functions. In literature there are scattered several approaches to solve ZFP algebraically and thus to avoid the use of elliptic functions, see [31, Section 1] .
But when it comes down to represent the monic proper Zolotarev polynomial Z * n,s , or its normalized version Z * n,s = Z * n,s /L n (s) (with ||Z * n,s || ∞ = 1), as a polynomial of degree n in power form with explicit parameterized coefficients, then such solutions are known only for 2 ≤ n ≤ 6, see Section 2 below. Upon using symbolic computation as implemented in Maple [17] and Mathematica [39], we are now able to provide such an explicit power form solution even for the degree n = 7, see Section 3 below. This contributes to the solution of ZFP which is one of E. Kaltofen's favorite open problems in symbolic computation [13, Section 2] . In the conference paper [14] it is claimed to have solved ZFP by symbolic computation even for 6 ≤ n ≤ 12, but actually a theoretical solution strategy is delineated, without providing a solution formula or a concrete example, and in particular without representing the extremal polynomial in a parameterized power form for a given n. For an algorithm-based algebraic solution formula to ZFP for 6 ≤ n ≤ 12 see [30] .
Explicit analytical one-parameter power form representation of
the proper Zolotarev polynomials of degree 2 ≤ n ≤ 6
With the goal to find a convenient parametrization for the coefficients of the extremal polynomial in (2) with a parameter t ∈ I n from some finite open parameter interval I n ⊂ R (n > 2), and following the literature, see [10] , [22, Secton 14] , [27] , [31] , [34, Section 1.4] , we now change our notation and strive to obtain the solution of ZFP in the form
where the explicit coefficients a k,n (t) and −ns(t) depend injectively on t ∈ I n .
The least deviation (on I) of Z n,t from the zero-function is || Z n,t || ∞ = L n (t). For a prescribed t = t 0 ∈ I n there holds min (a 0,n ,...,a n−2,n )∈R n−1 ||P n || ∞ = L n (t 0 ), where P n (x) = n−2 k=0 a k,n x k + (−ns(t 0 ))x n−1 + x n . Thus, for a given fixed degree n, (3) represents an infinite family of n-th degree monic proper Zolotarev polynomials. For a prescribed s = s 0 ∈ (tan 2 π 2n , ∞) one then has to solve the equation s(t) = s 0 for t and to insert the unique solution t = t 0 ∈ I n into Z n,t (x) in order to get the desired solution Z * n,s 0 (x) = Z n,t 0 (x) in (2) for the given s = s 0 .
Analogously, we will denote by Z n,t (x) = n k=0 b k,n (t)x k with t ∈ I n and b n,n (t) = 0 (4) the normalized proper Zolotarev polynomials Z n,t = Z n,t /L n (t) with ||Z n,t || ∞ = 1. For a prescribed s = s 0 ∈ (tan 2 π 2n , ∞) one then has to equate b n−1,n (t)/ b n,n (t) with (−ns 0 ) and to solve for t, and finally to insert the unique solution t = t 0 ∈ I n into Z n,t (x)/b n,n (t) in order to get the desired solution Z * n,s 0 (x) = Z n,t 0 (x)/b n,n (t 0 ) in (2) for the given s = s 0 . So the key question is: How to choose the parameter intervals I n and the parameterized coefficients a k,n (t) and −ns(t) in (3) respectively b k,n (t) in (4)?
Before providing an answer for n = 7 we first allude to known solutions Z n,t (possibly after some rearrangement) for the polynomial degrees 2 ≤ n ≤ 6:
For n = 2 and n = 3 see [5] , [10] , [15, p. 246 ], [18] , [22, p. 156 ], [29] , [38, p. 98 ].
For n = 4 see [10] , [15, p. 246 ], [20, p. 73 ], [27] , [28] , [34] , and note the remarkable comment by Shadrin [34, Section 1.4] as quoted in the Abstract of the present paper.
Still in 2014 Shadrin [35, p. 1185 ] was right in writing that there is no explicit expression for [normalized proper] Zolotarev polynomials of degree n > 4. But already in 2017 Grasegger & Vo [10] provided such an explicit expression for the degree n = 5, see also [8] , [16] , [29] .
Only two years later the present authors provided such an explicit expression for the degree n = 6, see [31] . It goes without saying that the complexity of the explicit expressions (3) and (4) increases dramatically when the degree n grows, see also corresponding remarks in [3, p. 511] , [4, p. 21] , [16, p. 932] . A further complication creeps in due to the fact that the parametrization in (3) and (4) is a radical one for n ∈ {5, 6, 7} (obtained by computer-aided symbolic computation), whereas it is a rational one for n ∈ {2, 3, 4} (obtained by pencil and paper). This may explain the time gap of 125 years between the parameterized solution for n = 4 in [20] and the parameterized solution for n = 5 in [10] . Furthermore, the case n = 7 among the radical parametrizations is exceptional and hence requires a special treatment, see [10, p. 179] and Section 4 below.
It follows from Approximation Theory, see [1] , [2, p. 280 ], [5] , [9] , [15, p. 243 ], [21, p. 404] , [24, p. 67 ] that on the solution Z n,t in (3) there can be imposed, without loss of generality, certain definite conditions: There must exist n equioscillation points −1 = z 0 (t) < z 1 (t) < · · · < z n−2 (t) < z n−1 (t) = 1 on I, where Z n,t attains the values ±L n (t) alternately, and its first derivative vanishes at the interior equioscillation points. One may assume that at −1 = z 0 (t) the value (−1) n L n (t) and hence at z n−1 (t) = 1 the value −L n (t) is attained. Furthermore, there exists an interval [α(t), β(t)] to the right of I whose endpoints are also equioscillation points of Z n,t (with value −L n (t) at α(t) and value L n (t) at β(t)), and there exists a point γ(t) = (α(t) + β(t))/2 − s(t) with 1 < γ(t) < α(t) < β(t) where the first derivative of Z n,t vanishes. In addition, the uniform norm of Z n,t on I ∪[α(t), β(t)] must be L n (t), and Z n,t must satisfy the Abel-Pell differential equation [1, p. 17 ]
and the points z 1 (t), . . . , z n−2 (t), α(t), β(t) must satisfy the Peherstorfer-Schiefermayr system of nonlinear equations [24, p. 68]
for k = 1, . . . , n − 1.
Analogous conditions can be imposed on Z n,t with L n (t) being replaced by 1. Note that in literature also the polynomials − Z n,t and −Z n,t go by the name of monic respectively normalized proper Zolotarev polynomials. For abbreviation we henceforth set
3. Explicit analytical one-parameter power form representation of the normalized proper Zolotarev polynomials of degree n = 7
Our main result is the representation of the family of normalized proper Zolotarev polynomials Z 7,t of degree 7 in the parameterized power form (4), which implies the representation of Z 7,t in the form (3) . Moreover, we provide the two normalized improper Zolotarev polynomials to which Z 7,t transforms when the parameter t tends towards the boundaries of I 7 . The symbolic computations which have led us to Theorem 1 is demonstrated in Section 4. 12 . Then the septic normalized proper Zolotarev polynomial can be parametrized as follows:
where the polynomials p k1 = p k1 (t) and p k2 = p k2 (t), 0 ≤ k ≤ 7, are given below: 
lim t→θ Z 7,t (x) = T 7 (y) = −7y + 56y 3 − 112y 5 + 64y 7
with y = (1 + x) cos 2 ( π 14 ) − 1 , see also [15, pp. 247-248] . The coefficients of Z 7,t are given by a k,7 (t) = b k,7 (t)/b 7,7 (t), 0 ≤ k ≤ 7.
Example 2. We prescribe t = t 0 = −21 ∈ I 7 . For the septic normalized proper Zolotarev polynomial Z 7,t 0 = Z 7,t 0 /L 7 (t 0 ) we get by insertion of t 0 to (8): Multiplying these coefficients b k,7 (t 0 ) by L 7 (t 0 ) = 1/b 7,7 (t 0 ) yields the coefficients a k,7 (t 0 ) of Z 7,t 0 . Figure 1 displays Z 7,t 0 and Figure 2 displays Z 7,t 0 .
Derivation by symbolic computation
It is known from literature (see [11] , [12] ) that algorithms exist for the parametrization of plane algebraic curves of genus 0 and 1, and their im- plementations are available in computer algebra systems. We will use the algcurves package in Maple. However, as pointed out in [10, p. 179] , the defining reduced relation curve H 7 (α, β) = 0, whose points determine the endpoints of the interval [α, β] (to the right of I) on which Z 7,t also equioscillates, is a genus 4 curve. Therefore the direct parametrization of the curve H 7 = 0, where (see also Formula (7.9) in [30] )
and thus the proposed way in [10] of parametrizing Z 7,t (or Z 7,t ) does not work with the existing implemented algorithms. This is why in [10] the septic case is called a challenge which is subject to further investigation. We remedy this obstacle by the following observation: Lemma 3. Certain 2D projections to the coefficient planes of the algebraic space curve (a 0,7 (t), . . . , a 7,7 (t)) ⊂ R 8 associated to Z 7,t (x), which can be given as a zero-set of P 7 (a j , a k ), have smaller genuses than the defining reduced relation curve H 7 (α, β) = 0. In fact, their genuses are determined by the parity of the index-pairs (j, k), j = 0, . . . , 5, k = j + 1, . . . , 6.
Proof. Using the algcurves package, direct exact computation reveals, for example, that g(P 7 (a 3 , a 5 ) = 0) = 1 < 4.
To save space, we omit to express the plane projection curve P 7 (a 3 , a 5 ) by formula, which would be a quite bulky one. However, the reader is invited to check the genus computation by recovering P 7 (a 3 , a 5 ) from (21) below, as P 7 (a 3 , a 5 ) = res 2 t res 4 o (r 31 +o r 32 −a 3 q 3 , o 2 −ω 2 ), res 4 o (r 51 +o r 52 −a 5 q 5 , o 2 −ω 2 ) , where res j x denotes the j-th factor of the resultant with respect to the variable x.
Therefore we use first the known algorithm for the radical parametrizaton of the elliptic curve P 7 (a 3 , a 5 ) = 0. We compute the Weierstrass normal form and an inverse morphism. After simplification, we so obtain the form given in (21) below: a 3 = a 3,7 = a 3,7 (t) = r 31 + ωr 32 q 3 ∧ a 5 = a 5,7 = a 5,7 (t) = r 51 + ωr 52
where r 3i = r 3i (t), r 5i = r 5i (t), q 3 = q 3 (t), and q 5 = q 5 (t); i = 1, 2 and
By using the polynomial Q 1 (a 5 , α) which was derived using Groebner basis computation from the Abel-Pell differential equation (5) by coefficient comparison, and the polynomial Q 2 (a 5 , t) stemming from the parametrization in (21) , and taking the smaller factor of the resultant res a 5 (Q 1 , Q 2 ), we obtain
This is obviously a quadratic expression of α 2 and thus α can be expressed in terms of the parameter t by radicals, i.e., α = α(t). Similarly, it turns out that in this way we also obtain a nonsimple radical parametrization for β and s in the form of β(t) and s(t), see (23) below:
where pa i = pa i (t), pb i = pb i (t), ps i = ps i (t); i = 1, 2
and
By using the polynomials from the Groebner basis, formulae can be derived for a 1,7 (t) (similar to a 3,7 (t) and a 5,7 (t) in (21) ) and for the even-indexed coefficents a 0,7 (t), a 2,7 (t), a 4,7 (t) and for L 7 (t) (similar to s(t) in (23)), so that we can determine, for n = 7, the monic polynomial in (3), with a 6,7 (t) = −7s(t) and a 7,7 (t) = 1. But we omit these coefficient-formulae in order to save space, since they can be recovered from Theorem 1. In fact, since −L 7 (t) = Z 7,t (1) = 1 + 6 k=0 a k (t), it follows from Z 7,t (x) = Z 7,t /L 7 (t) that for the coefficients of Z 7,t there holds b k,7 (t) = a k,7 (t)/L 7 (t), in particular b 7,7 (t) = 1/L 7 (t).
In this way we have obtained our radical parametrization of the septic normalized proper Zolotarev polynomials Z 7,t in Theorem 1.
As for the parameter interval I 7 , we first determine the possible real parameter values t for which
holds, where the right hand sides of the above equations are the coefficients of the monic version of the limiting polynomial in (10) . We obtain the unique solution θ = Root[ − 1847 − 93x + 27x 2 + x 3 , 1]. Second, using the expected range (a 3,7 (θ), 19/16) ×(−2, a 5,7 (θ)) for (a 3,7 (t), a 5,7 (t)), we conclude that the only appropriate choice for I 7 is (θ, −13) as given in Theorem 1. 
Example 5. The goal is to solve ZFP (2) for n = 7 and for s = s 0 = 2 > tan 2 ( π 14 ), say. To this end, we replace in (23) the left-hand side s(t) by 2 and solve the corresponding equation for the variable t, where the unique solution from I 7 reads t = t 0 = Root[u 12 (x), 2] = −13.0305732483 . . . , with
Then we insert this t 0 into This means that min (a 0,7 ,··· ,a 5,7)
k=0 a k,7 x k + (−14)x 6 + x 7 , i.e. its first two leading coefficients are prescribed. Evaluating L 7 (t) = 1 b 7,7 (t) at t = t 0 (see (8)), gives L 7 (t 0 ) = 0.4380573257 . . . .
A note on the equations of Abel-Pell and Peherstorfer-Schiefermayr
for n = 7
The Abel-Pell differential equation for Z 7,t reads, see (5), (8), (23),
Since all terms are defined for n = 7, a simplification with Maple or Mathematica will confirm that (32) holds true. For the special parameter value t = t 0 = −21 a verification of (32) can be carried out by using (11)- (19) and (26)- (29) . The Peherstorfer-Schiefermayr system of nonlinear equations (6)-(7) reads, for n = 7, 6) . (34) The equioscillation points z 2 and z 4 , where Z 7,t (z 2 ) = Z 7,t (z 4 ) = −1 and Z ′ 7,t (z 2 ) = Z ′ 7,t (z 4 ) = 0 holds, can be given in an explicit form as follows:
− (t−11)p 9 −16ω(1 + t) 2 p 6 +8(1 + t) 2 (13 + t) 3(11−t)(p 12 −2ωp 10 ) q 5 , z 4 = z 4 (t) = (36) (t−11)p 9 −16ω(1 + t) 2 p 6 −8(1 + t) 2 (13 + t) 3(11−t)(p 12 −2ωp 10 ) q 5 , where p 9 = p 9 (t) = 7458346453 + 2414057145t + 80738436t 2 − 35137404t 3 + 943590t 4 + 1460238t 5 + 136212t 6 + 4020t 7 − 339t 8 + t 9 , p 6 = p 6 (t) = − 4757750 − 991641t + 35097t 2 + 1478t 3 − 84t 4 − 93t 5 + t 6 , p 12 = p 12 (t) = 9627927080284 + 4974116032425t + 1038680780799t 2 + 126082292719t 3 + 6771588669t 4 + 996190362t 5 + 407573430t 6 + 26107902t 7 − 4154346t 8 − 474323t 9 + 59547t 10 − 861t 11 + t 12 , p 10 = p 10 (t) = 122595778519 + 52782140344t + 8848501713t 2 + 1458683184t 3 + 201606006t 4 + 6367392t 5 − 2103342t 6 − 42288t 7 + 68355t 8 − 2648t 9 + 13t 10 .
The equioscillation points z 1 , z 3 and z 5 where Z 7,t (z 1 ) = Z 7,t (z 3 ) = Z 7,t (z 5 ) = 1 and Z ′ 7,t (z 1 ) = Z ′ 7,t (z 3 ) = Z ′ 7,t (z 5 ) = 0 holds, can be represented in a similar but more bulky form (as solutions of a cubic polynomial equation with casus irreducibilis) and are omitted.
For the special parameter value t = t 0 = −21 a verification of (33), (34) can be carried out by using s(t 0 ), α and β from (26)- (28) 
6. Concluding remarks Remark 6. The obtained septic radical parametrization in Theorem 1 which is similar to, but more complicated than the one for n = 5 in [10] and for n = 6 in [31] , may possibly be further simplified. To find a re-parametrization for n = 7 is subject to further investigations.
Remark 7.
A systematic computation of the genuses of all possible plane projection curves P n (a j , a k ) = 0 of the proper Zolotarev polynomials Z n,t and Z n,t for n > 4 would shed a light on the structure of the associated space curves.
Remark 8. The only parameter constellation t ∈ I 7 where Z 7,t = Z 7,t holds is t = t 0 = −13.0058608055 . . . (which is the root of an integer polynomial of degree 56) since then b 7,7 (t) = 1 holds.
